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Abstract. We develop the d- approach to inverse scattering at zero energy in dimen- 
sions d > 3 of [Beals, Coifman 1985], [Henkin, Novikov 1987] and [Novikov 2002]. As a 
result we give, in particular, uniqueness theorem, precise reconstruction procedure, stabil- 
ity estimate and approximate reconstruction for the problem of finding a sufficiently small 
potential v in the Schrodinger equation from a fixed non-overdetermined ("backscattering" 
type) restriction h\ r of the Faddeev generalized scattering amplitude h in the complex do- 
main at zero energy in dimension d = 3. For sufficiently small potentials v we formulate 
also a characterization theorem for the aforementioned restriction ft and a new charac- 
terization theorem for the full Faddeev function ft in the complex domain at zero energy in 
dimension d = 3. We show that the results of the present work have direct applications to 
the electrical impedance tomography via a reduction given first in [Novikov, 1987, 1988]. 

1. Introduction 

Consider the Schrodinger equation at zero energy 

-Atp + v(x)if} = 0, xeR d , d>2, (1.1) 

where 

v is a sufficiently regular function on IR d . 

J 5 (1.2) 
with sufficient decay at infinity 

(precise assumptions on v are specified below in this introduction and in Sections 2 and 
3). For equation (1.1), under assumptions (1.2), we consider the Faddeev generalized 
scattering amplitude h(k,l), where (k,l) G 0, 

6 = {k G C d , l G C d : k 2 = I 2 = 0, Imk = Iml}. (1.3) 

For definitions of ft see, for example, [HN] (Section 2.2) and [Nol] (Section 2). Given v, to 
determine ft on O one can use, in particular, the formula 

h(k,l) = H(k,k-l), (k,l)ee, (1.4) 
and the linear integral equation 

H(k,p) = Hp) - f ^±M^m , k € E, p «= R«, (1.5) 
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where 

v(p) = (2Ti)- d J e ipx u{x)dx, p G R d , (1.6) 
R d 

Z = {keC d : k 2 = 0}. (1.7) 

In the present work we consider, mainly, the three dimensional case d = 3. In addition, 
in the main considerations of the present work for d = 3 our basic assumption on v consists 
in the following condition on its Fourier transform 

v G L™(R 3 ) for some real \i > 2, (1.8) 

where 

L™(R d ) = {ue L°°(R d ) : \\u\\„ < +oo}, 

(i + |p|y>(p)|, n>o. ( L9 ) 

P eR d 

If v satisfies (1.8), then we consider (1.5) at fixed k as an equation for H(k, •) G L^°(R 3 ). 
An analysis of equation (1.5) for d = 3 and with (1.8) taken as a basic assumption on v is 
given in Section 3. 

Note that, actually, h on G is a zero energy restriction of a function h introduced by 
Faddeev (see [F2], [HN]) as an extention to the complex domain of the classical scattering 
amplitude for the Schrodinger equation at positive energies. In addition, the restriction 
h\ e was not considered in Faddeev's works. Note that h\ Q was considered for the first 
time in [BC1] for d = 3 in the framework of Problem la formulated below. The Faddeev 
function h was, actually, rediscovered in [BC1]. The fact that d- scattering data of [BC1] 
coincide with the Faddeev function h was observed, in particular, in [HN]. 

In the present work, in addition to h on G, we consider h\ r , h\ &T and h\ TT , where 

r = {k = | + ^! 7 (P), l = ~\ + ^7(P) : V G (1-lOa) 

where 7 is a piecewise continuous (or just measurable) function of p G R d with values in 
§ d_1 and such that 

7(P)P=0, p G M d , (1.106) 



G T = {(k,l) G G : |/m/c| = \Iml\ < r}, (1.11) 

r r = rnG T , (1.12) 

where r > 0. Note that 

TcG, (1.13) 

dimQ = 3d -4, dimT = dimR d = d, (1.14) 

3d-4 = d for rf = 2, 3rf-4>rf for d > 3. (1.15) 
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Using (1.4), (1.5) one can see that 

h(k,l)&v(p), (k,l)ee, k-l = p, (1.16) 

in the Born approximation (that is in the linear approximation near zero potential) . Using 
(1.10), (1.13), (1.14), (1.16) one can see that, in general, /i| r is a nonlinear analog of the 
Fourier transform v. Note also that /i| r is a zero energy analog of the reflection coefficient 
(backscattering amplitude) considered (in particular) in [Mos] , [P] , [HN] , [ER] . 

In the present work we consider, in particular, the following inverse scattering prob- 
lems for equation (1.1) under assumptions (1.2). 

Problem 1. (a) Given h on 0, find v on R d (and characterize h on 6); 
(b) Given h on 6 T for some (sufficiently great) r > 0, find v on R d , at least, approxi- 
mately. 

Problem 2. (a) Given h on T, find v on M. d (and characterize lion T); 
(b) Given h on T T for some (sufficiently great) r > 0, find v on M. d , at least, approxi- 
mately. 

Using (1.14), (1.15), (1.16) one can see that Problems la, lb are strongly overdeter- 
mined for d > 3, whereas Problems 2a, 2b are nonoverdetermined for d > 2 (at least, in 
the sense of the dimension considerations and in the Born approximation). In addition, 
using (1.12), (1.13) one can see that any reconstruction method for Problems 2 is also 
a reconstruction method for Problems 1. The present work is focused on Problems 2a, 
2b for the most important three-dimensional case d = 3. In addition, we are focused on 
potentials v with 

veL^(R 3 ) with sufficiently small ||z)|| M (117) 
for some fixed \i > 2, 

where LJf (R 3 ) and || • || p are defined in (1.9). In some results we also still assume for 
simplicity that v G C(1R 3 ) (in addition to (1.8) or (1.17)), where C denotes the space of 
continuous functions. The main results of the present work include, in particular: 
( I) uniqueness theorem, reconstruction procedure and stability estimate for Problem 2a 

for v satisfying (1.17) (with v G C(R 3 )) (see Theorem 2.1) and 
( II) approximate reconstruction method for Problem 2b for v satisfying (1.17) (with v G 

C(M 3 )) (see Theorem 2.1 and Corollary 2.1). These results are formulated and proved 

in Sections 2-12. In the present work we formulate also: 

(III) characterization for Problem 2a for v satisfying (1.17) (see Theorem 2.2) and 

(IV) new characterization for Problem la or more precisely a characterization for Problem 
la for v satisfying (1.17) (see Theorem 2.3). 

We plan to give a complete proof of these characterizations in a separate work, where 
we plan to show also that the aforementioned results I and II remain valid without the 
additional assumption that v G C(R 3 ). All these results I, II, III and IV are presented in 
detail in Section 2. 

Note that Problem la was considered for the first time in [BC1] for d = 3 from pure 
mathematical point of view without any physical applications. No possibility to measure 
h on ©\{(0, 0)} directly in some physical experiment is known at present. However, as it 
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was shown in [Nol] (see also [HN] (Note added in proof), [Nal], [Na2], [No4]), Problems 1 
naturally arise in the electrical impedance tomography and, more generally, in the inverse 
boundary value problem (Problem 3) formulated as follows. Consider the equation 

-Aip + v(x)ip = 0, xeD, (1.18) 

where 

D is an open bounded domain in IR d , d > 2, 

with sufficiently regular boundary dD, (1-19) 
v is a sufficiently regular function on D = D Li dD. 
We assume also that 

is not a Dirichlet eigenvalue for 
the operator — A + v in D. 
Consider the map $ such that 



(1.20) 



for all sufficiently regular solutions of (1.18) in D, where v is the outward normal to dD. 
The map $ is called the Dirichlet-to-Neumann map for equation (1.18). The aforemen- 
tioned inverse boundary value problem is: 

Problem 3. Given find v on D. 

In addition, the simplest interpretation of D, v and $ in the framework of the electrical 
impedance tomography consists in the following (see [SU], [Nol], [Nal]): D is a body with 
isotropic conductivity cr(x) (where a > o m i n > 0), 

v(x) = (a(x))- 1 / 2 A (a(x)) 1 / 2 , x G D, (1.22) 

$ = a" 1 /2( A(J -i/2 + ^!) 7 (L23) 
v dv ' 

where A is the voltage-to-current map on dD and a 1 / 2 , do 1 ! 2 jdv in (1.23) denote the 
multiplication operators by the functions '~ 1 ^ 2 \q D , {do 1 ' 2 j dv) \ dD , respectively. 

Note that the formulation of Problem 3 goes back to Gelfand [G] and Calderon [C] . 

Returning to Problems 1, 2 and their relation to Problem 3 one can see that the 
Faddeev function h of Problems 1, 2 does not appear in Problem 3. However, as it was 
shown in [Nol] (see also [HN] (where this result of [Nol] was announced in Note added in 
proof), [Nal], [Na2], [No4]), if h corresponds to equation (1.1), where 



v of (1.1) coincides on D with v of (1.18) 
and v of (1.1) is identically zero on R d \D, 



then h on G can be determined from the Dirichlet-to-Neumann map $ for equation (1.18) 
via the following formulas and equation: 

h(kj) = {2n)- d J J e- llx (§ -§ ){x,y)iP{y,k)dydx for (kj) e 0, (1.25) 

dD dD 
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i/)(x,k) = e lkx + J A{x,y,k)i){y,k)dy, x E dD, (1.26) 

3D 

A{x,y,k)= J G{x- z,k){$-$ ){z,y)dz, x,yedD, (1.27) 

dD 

^T2^' xe ' (L28) 



where k G C d , k 2 = in (1.26)-(1.28), $o denotes the Dirichlet-to-Neumann map for 
equation (1.18) for v = 0, and ($ — $o)(^, £/) is the Schwartz kernel of the integral operator 
$ — $ - Note that (1.25), (1.27), (1.28) are explicit formulas, whereas (1.26) is a linear 
integral equation (with parameter k) for ip on dD. In addition, G of (1.28) is the Faddeev's 
Green function of [Fl] for the Laplacian A. Note also that formulas and equation (1.25)- 
(1.27) are obtained and analyzed in [Nol] for (1.19) specified as 



D is an open bounded domain in ~R d , d > 2, 

1.29 

dDeC 2 , veL°°(D). 



Formulas and equation (1.25)-(1.27) reduce Problem 3 to Problems 1, 2. In addition, from 
numerical point of view h(k, I) for (k, I) G O r can be relatively easily determined from $ 
via (1.27), (1.26), (1.25) if r is sufficiently small. However, if (k, I) G 0\0 r , where r is 
sufficiently great, then the determination of h(k,l) from $ via (1.27), (1.26), (1.25) is very 
unstable (especially on the step (1.26)). The reason of this instability is that formulas and 
equation (1.25)-(1.28) involve the exponential functions e~ llx , e lkx and, actually, ^ lk< K x - z ) 
(arising in (1.27) in view of (1.28)), where (k,l) G 0, x G 3D, z G 3D, which rapidly 
oscillate in x, z and may have exponentially great absolute values if (/c, /) G 0\0 T (and, 
therefore, \Rek\ = \Imk\ = \Rel\ = \Iml\ > r) for sufficiently great r. 

These remarks show that Problems 1, 2 are especially important in their versions lb, 
2b as regards their applications to Problem 3 via (1.25)-(1.28) (or via similar reductions). 
In addition, in view of (1.13)-(1.15), one can see that it is much simpler to determine h on 
T (or on T T ) only than completely on G (on on G T , respectively) from $ via (1.25)-(1.28) 
for d > 3. Therefore, Problem 2b is of particular interest and importance in the framework 
of applications of Problems 1, 2 to Problem 3 for d > 3. 

In the present work we consider, mainly, Problems 1 and 2 for d = 3. In addition, 
as it was already mentioned, we are focused on nonoverdetermined Problems 2a, 2b for v 
satisfying (1.17). The main results of the present work are presented in Section 2. (Some of 
these results were already mentioned above.) Note that only restrictions in time prevent 
us from generalizing all main results of the present work to the case d > 3. Actually, 
the results of the present work are obtained in the framework of a development of the 
<9-approach to inverse scattering at fixed energy in dimension d > 3 of [BC1], [HN], [No3], 
[No5]. In particular, the central part of the present work consists in an analysis of the 
non-linear 9-equation (3.13) for the Faddeev function if on 6 for v satisfying (1.17) (with 
v G C(R 3 )), see Sections 5,6,7. 
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Actually, in the present work we do not consider Problems 1 and 2 for d = 2: inverse 
scattering at fixed energy in dimension d = 2 differs considerably from inverse scattering 
at fixed energy in dimension d > 3. Note that a global reconstruction method for Problem 
2a for d = 2 and for v of the form (1.2), (1.22), where x G M 2 , a > <J min > 0, was given in 
[Na2] in the framework of a development of the 9-approach to inverse scattering at fixed 
energy in dimension d = 2 (see references to [BLMP], [GN], [No2], [T] given in [Na2] in 
connection with this approach). In addition, this result on Problem 2a is given in [Na2] in 
the framework of applications to the (two-dimensional) electrical impedance tomography 
via the reduction (1.25)- (1.27) for d = 2 (given first in [Nol]). Besides, note that there 
is an essential similarity between the results of [Na2] on global reconstruction for Problem 
2a for d = 2 and for v of the form (1.2), (1.22), where x G M 2 , a > a min > 0, and results 
of [BC2] on global inverse scattering reconstruction for some 2x2 first order system on 
the plane (see also [BU] in this connection). 

Applications of result of the present work to the electrical impedance tomography and 
more generally to Problem 3 will be analyzed in detail in a subsequent paper (where we 
plan to give, in particular, new stability estimates for Problem 3). 

Concerning results given in the literature on Problem 3, see [KV], [SU], [HN] (note 
added in proof), [Nol], [A], [Nal], [Na2], [BU], [Ma], [No4] and references therein. 

2. Main results 

As it was already mentioned in the introduction, the main results of the present work 
include, in particular: 

( I) uniqueness theorem, reconstruction procedure and stability estimate for Problem 2a 

for v satisfying (1.17) (with v G C(R 3 )) and 
(II) approximate reconstruction method for Problem 2b for v satisfying (1.17) (with v G 

C(M 3 )), 

see Theorem 2.1 and Corollary 2.1 formulated below in this section (and proved by means 
of analysis developed in Sections 3-12). 

We identify h\ r and h\ TT with R and R 2r on R d , where 

R(p) = h(\ + ^ 7 (P), -f + ^7(P)), V e M d , (2.1) 

R 2T (p) = R(p) for M<2r, peR d : 
R 2T (p) = for \p\ > 2r, p G R d , 
where 7 is the function of (1.10). 
Theorem 2.1. Let 

v G L^(R 3 ) for some fj, > 2, (2.3) 

\\v\L < C < -. . 1 — , (2.4) 

11 Ufl ~ ci(//) + 8c6(//)' 1 ' 

where L^°(R 3 ) and \\ ■ \\^ are defined in (1.9), ci(p) and cq(p) are the positive constants of 
Lemmas 3.1 and 6.1. (For simplicity we also still assume thati! G C(M 3 ).) Let R be defined 
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by (2.1) (for some given 7 of (1.10) for d = 3). Then 

ReL~(R% W |„<_^, (2.5) 
and R uniquely determines v via the following reconstruction procedure 

(6.6) (7.1b), (7.26) „ 

it — > if — > (2.6) 

where (6.6) is a nonlinear integral equation of Proposition 6.1 0/ Section 6, (7.1b), (7.2b) 
are explicit formulas of Section 7 and where we solve (6.6) fry i/ie method of successive 
approximations (see Proposition 6.2 and Lemma 6.2). in addition, if R apP r is an arbitrary 
approximation to R, where R apP r also satisfies (2.5), and "Oappr ^ determined from R appr 
via (2.6) (to^/i ii replaced by H appr ), then the following stability estimate holds: 

ir_" II <r l-ci(//)C .. 

One can see that Theorem 2.1 includes uniqueness theorem, reconstruction procedure 
and stability estimate for Problem 2a (of the introduction) for v satisfying (1.17) (with 

veC(R 3 )). 

Theorem 2.1 follows from Proposition 3.1, Lemmas 6.2, 6.3, Propositions 6.1, 6.2 and 
formulas (7.1), (7.2) (of Sections 3,6 and 7). In particular, condition (2.4) of Theorem 2.1 
implies condition (6.20) of Proposition 6.2 and condition (3.6) of (part I of) Proposition 
3.1. 

Corollary 2.1. Let v satisfy (2.3), (2.4) and, in addition, 

v G L^(R 3 ) for some /i* > \x. (2.8) 

(For simplicity we also still assume that v G C(M 3 ).) Let V2 T denotes v appr reconstructed 
from R appr via (2.6) (as in Theorem 2.1), where R appr = Rir (defined by (2.1), (2.2) for 
d = 3). Then 

ReL™(R s ) (2.9) 

and 

ll« " fcrlU < ; /rf 1 .^ ^T, l ! R JC-„ ^ r > 0. (2.10) 



One can see that Theorem 2.1 and Corollary 2.1 give an approximate reconstruction 
method for Problem 2b (of the introduction) for v satisfying (1.17) (with v € C(1R 3 )). 



Note that (2.9) follows from the property that R G L^°(M 3 ), the assumption (2.8) and 
the part II of Proposition 3.1 with \i = \i* . Further, Corollary 2.1 follows from Theorem 2.1 
and estimates (6.25), (6.26). The approximate reconstruction of Corollary 2.1 is presented 
in more detail in Proposition 6.3 complemented by formulas (7.5)-(7.8). 

One can see that Theorem 2.1 and Corollary 2.1 give also reconstruction results for 
Problem la and Problem lb ( of the introduction) for d = 3 and v satisfying (1.17) (with 
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v G C(R 3 )). Let us compare these results with the reconstructions for Problems la and lb 
for d — 3 via formulas (2.11), (2.12), (2.14) presented below. From formula (1.4), equation 
(1.5) and Proposition 3.1 (of Section 3) it follows that if v satisfies (2.3), then 

v(p) = lim h(k,l) for any p G R 3 , (2.11) 

(k,i)ee>, k-i=p 

\Im k\ = \Im Z|=r^oo 

' U ) V )l ~ {l + \p\Y r (2.12) 
for (k, I) G 0, p = k — l, \Imk\ = \Iml\ = t > t(C, p,), \\v\\n < C, 

where C2{p) is the constant of Lemma 3.1 and t(C, y) is the smallest number such that 

Actually, for sufficiently regular v on R 3 with sufficient decay at infinity formula (2.11) 
and some results of the type (2.12) (with less precise right-hand side) were given first in 
[HN]. Note also that if 

!)eL°°(f 3 ), ess sup (l + \x\) 3+£ \v(x)\ <C 

xeR 3 (2.13) 
for some positive e and C, 

then 

\v(p)-h(k,l)\< 2c ^)C 2 for (A . )Z)e0) p =fc _ Zj 
|/mfc| = \Iml\ = t > f(C,e), 

where 02(e) and f(C, e) are some positive constants (similar to constants C2(/u) and r(C, /u) 
of (2.12)) (see [Nal] and [No3] as regards estimate (2.14) under assumption (2.13)). One 
can see that for d = 3 already the simple formulas (2.11), (2.12), (2.14) give a reconstruc- 
tion method for Problem la and an approximate reconstruction method for Problem lb. 
However, for this approximate reconstruction of the Fourier transform v from h on O r 
via (2.12), (2.14) the error decaies rather slowly as r — > +00: even for v of the Schwartz 
class on R 3 the decay rate of this error, for example, in the uniform norm on the ball 
B T = {p G R 3 : \p\ < r}, where r > is fixed, is not faster than 0(l/r) as r — > +00. An 
important advantage of the approximation v 2t of Corollary 2.1 in comparison with the ap- 
proximate reconstruction based on (2.12), (2.14) consists in a fast decay of the error norm 
\\v — V2t\\u = 0(1 /t^ ~ m ) as r — > +00 (see estimate (2.10)), at least, if /j,* — \x is sufficiently 
great. For example, if v belongs to the Schwartz class on R and, as in Theorem 2.1 and 
Corollary 2.1, is sufficiently small in the sense (2.4) for some fx, then estimate (2.10) holds 
for any fj,* > ji and \\v — V2t\\h = 0(t~°°) as r — > +00. This fast convergence of V2 T to v 
as t — > +00 is in particular important in the framework of applications to Problem 3 (of 
the introduction) via the reduction (1.25)-(1.27): the point is that the determination of 
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h\ QT from $ via (1.25)-(1.27) is sufficiently stable for sufficiently small r only (see related 
discussion of the introduction), but v^t reconstructed from h\ TT (as described in Corollary 
2.f) well approximates v even if r is relatively small (due to the rapid decay of the error 
v — %2t as r — > +00). An obvious disadvantage of Theorem 2.f and Corollary 2.f in com- 
parison with formulas (2.11), (2.12), (2.14) consists in the small norm assumption (2.4). 
In a subsequent work we plan to propose an approximate reconstruction of v from h on 
T (for d = 3) with a similar (fast) decay of the error for r — > +00 as in Corollary 2.1 but 
without the assumption that v is small in some sense. 

As it was already mentioned in the introduction, in the present work we formulate 

also: 

(III) characterization for Problem 2a for v satisfying (1.17) and 
( IV) new characterization for Problem la or more precisely a characterization for 
Problem la for v satisfying (1.17), 
see Theorems 2.2 and 2.3 presented next. 

Theorem 2.2. Let v satisfy (2.3) and 

\\v\\»<C<l/cM, (2.15) 

where ci(fi) is the constant of Lemma 3.1. Then R (defined according to (2.1), (1.4), (1.5)) 
satisfies (2.5). Conversely, let 

R e L™(R 3 ) for some n > 2 (2.16) 

and 

||i?IU<r/2, r<c 7 (fj,), (2.17) 

where 07(11) is some positive constant. Then R is the scattering data (defined according to 
(2.1), (1.4), (1.5)) for some potential v, where 

veL^(R 3 ), |H| M <r. (2.18) 

One can see that Theorem 2.2 gives a characterization for Problem 2a (of the intro- 
duction) for v satisfying (1.17). 
Consider 

Q. = {k E C 3 , p E R s : k 2 = 0, p 2 = 2kp}, (2.19) 
S = {(k, P ) : k = P - + l^l 7 (p), p E M 3 }, (2.20) 



where 7 is the function of (1.10). 
Note that 



fi^0, S^T (2.21) 



or more precisely 



(k, P ) G0^(M-p)e9, (k,l) e e (k,k-l) e O, 
(/c, p) e E (k, k - p) e r, (k, I) eT =>■ (k,k-l) e s, 



(2.22) 
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where 6 and V are denned by (1.3) and (1.10a) for d = 3. Due to (2.21), (2.22), h on 6 in 
Problem 1 for d = 3 can be considered as H on O and h on V in Problem 2 for d = 3 can 
be considered as H on S, where h and if are related by (1.4). 
Consider 

L^(Q) = {UeL°°(Q): |||*7||| M < +oo}, 

|||t/|]| M = ess sup (l + b|)^|t/(A;,p)|, fi > 0. ( 2 - 23 ) 

(fc, P )en 

Theorem 2.3. Let v satisfy (2.3), (2.15) and id 6e defined on Q by means of (1.5). 
TTien 

H 6 L ?( n), ||| ff |||,< r _^, (2.24) 

and for almost any p G M 3 \0 i/ie 9- equation (3.13) for H on O holds. 
Conversely, let 

H G L™(Q) /or some // > 2, (2.25) 

|||^HU<r, r<c 8 (^), (2.26) 

where eg is a positive constant, and for almost any p G M 3 \0 the 8- equation (3.13) holds. 
Then H on O is the scattering data (defined using (1.5)) for some potential v, where 

t)GL^(M 3 ), |H| M <r. (2.27) 

One can see that Theorem 2.3 gives a characterization for Problem la (of the introduction) 
for v satisfying (1.17) (and where h on O is considered as H on Q). In a separate work 
we plan to give a detailed comparison of Theorem 2.3 with related results of [BC1] and 
[HN]. In particular, Theorem 2.3 develops and simplifies the results of [BC] on the range 
characterization of H on O. 

The scheme of proof of Theorems 2.2 and 2.3 consists in the following: 

(1) The result that (2.3), (2.15) imply (2.5) and (2.24) follows from Proposition 3.1. 

(2) It is a separate lemma that the 3- equation (3.13) remains valid for almost any p G 
M 3 \0 if v satisfies (2.3) and (2.15). 

(3) To prove the sufficiency parts of Theorems 2.2 and 2.3, we use Proposition 3.1, the 
aforementioned separate lemma concerning the 3- equation (3.13), and the analysis 
developed in Sections 4,5,6 and 7. In addition, in the framework of this proof we 
obtain that the constants c-j(n) and cg(^) of Theorems 2.2 and 2.3 can be defined as 
follows: 

c 7 (u) = min( — — , - - 1 — ), (2.28) 

7W Mc 6 (/x)' Cl (^) + 2 C6 (^) ; ' 1 ' 

= ? * , v (2-29) 
ci(/x) + 2c 6 (^) 

where c\ and c?, are the constants of Lemmas 3.1 and 6.1. 
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On the basis of this scheme we plan to give a complete proof of Theorems 2.2 and 
2.3 in a separate work, where we plan to show also that Theorem 2.1 and Corollary 2.1 
remain valid without the additional assumption that v G C(M 3 ). 

3. Some results on direct scattering 

In this section we give some results on direct scattering at zero energy in three di- 
mensions or, more precisely, some results concerning equation (1.5) and the function H of 
(1.5) under assumption (1.8). 

Consider the operator A(k) from (1.5) for d = 3: 

Mm® = i ^yiy* - p ^ ^ (3.D 

where U is a test function, E is defined by (1.7) for d = 3. Let C stand for continuous 
functions. 

Lemma 3.1. Let v satisfy (1.8), A(k) be defined by (3.1) and U G L£°(R 3 ). Then: 

A{k)U G C(M 3 ), (3.2) 
\\A(k)U\^<cM\\v\\jU\\^ (3.3a) 

\\A(k)U\\, < c 2 (ri\MjU\\, {ln{ lj™^ )) \ \n\Imk\>2, (3.36) 

for k G E (defined by (1.7) for d = 3), where ci(/x), C2(p) and p(/i) are some positive 
constants; in addition, 

\\(A(k') - A(k))U\\„ < A(k,k')\\v\l\\U\l (3.4a) 
for some A(k, k') such that 

lim A(k, k') = 0, (3.46) 

where k,k' G E; m addition, 

(A(k)U){p) G C(E x R 3 ) as a function of k and p. (3.5) 

Lemma 3.1 is proved in Section 8. 

Proposition 3.1. Let v satisfy (1.8) and < C. Then the following statements 
are valid: 

(I) if 

Vi(C) = Cl (fj,)C <1, (3.6) 

£/ien equation (1.5) is uniquely solvable for H(k, •) G L^°(IR 3 ) /or any G E (6y £/ie method 
of successive approximations) and 

H — i) <E C(E x IR 3 ), (3.8a) 
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(II) if 

V2(C,t) = c 2 (ji)C^¥- < 1, lnr>2, (3.9) 

T 

then equation (1.5) is uniquely solvable (by the method of successive approximations) for 
H(k, •) G L™(R S ) for any k G E\E r , where 

E T = {k G E : \Imk\ < r}, (3.10) 

and 

' g (*--"^ i-^i/ mt |) - k ^ T - (311 > 

H — v G C((E\E T ) x IR 3 ), (3.12a) 

i//fep)-cwi< (1 _j^^;f +lp|) ,, . (3.12.) 

Proposition 3.1 is proved in Section 8. 

Further, note that if v satisfies (1.8) and H^H^ < C, where C satisfies (3.6), and also 
v G C(M 3 ), then the Faddeev function H (of the part I of Proposition 3.1) satisfies the 
following 8- equation on Q: 



d k H(k,p)\ z = 



for any p G M 3 \0, where 



ds \ JZ . (3.13) 



Z p = {keC 3 : (k,p)eft}, pGl 3 \0, (3.14) 
^ = {(Gl 3 : £ 2 + 2k£ = 0}, G Z p , (3.15) 

ds is arc- length measure on the circle Sk in K 3 - Note also that, under the assumptions of 
the part II of Proposition 3.1 with v G C(M 3 ), the 8 -equation (3.13) remains valid with Z p 
replaced by Z p n (E\E T ). Actually, at least under somewhat stronger assumptions on v 
than in the part I of Proposition 3.1 with v G C(R 3 ), the 8 - equation (3.13) was obtained 
for the first time in [BC1]. 

4. Coordinates on Q 

Consider O defined by (2.19). For our considerations we introduce some convinient 
coordinates on O. Let 

fl u = {ke C 3 , p G K 3 VC : k 2 = 0, p 2 = 2kp}, (4.1) 

where 

C v = {p G K 3 : p = tu, t G R}, z/GS 2 . (4.2) 
12 
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Note that f2„ is an open and dense subset of Q. 

For p G M 3 \£^ consider 9(p) and u(p) such that 



9(p),oj(p) smoothly depend on p G ]R 3 \£^, 

take values in § 2 , and (4.3) 
9{p)p = 0, uj(p)p = 0, 9{p)ui{p) = 0. 

Note that (4.3) implies that 

= p x 9{p) for ^ ^ r3 ^ 
\P\ 

or 

U ( P ) = -^M for peKV„ (4-46) 

where x denotes vector product. 

To satisfy (4.3), (4.4a) we can take 

»(p) = J^S* u( p) = 'JiM, p e (4.5) 

Lemma 4.1. Let 9, ui satisfy (4.3). TTien the following formulas give a diffeomorphism 
between tt v and (C\0) x (R 3 \£„): 

- (A,p), wfere A = A(fc,p) = 2fc(6>(p) ., 4 ; ia;(p)) , (4.6) 

z ]_p| 

p 

(A,p) -> (fc,p), w/iere fc = fc(A,p) = «i(A,p)0(p) + K 2 (A,p)u;(p) + -, (4.7) 

«i(A,p) = ^-(A+i), K 2 (A,p) = y( A_ ^' 

w/iere (fc,p) G ft„, (A,p) G (C\0) x (R 3 \A,). 

Actually, Lemma 4.1 follows from properties (4.3) and the result that formulas (4.6), 
(4.7) for X(k) and fc(A) at fixed p G M 3 \£„ give a diffeomorphism between {k G C 3 : k 2 = 
0, p 2 = 2kp} and C\0. The latter result follows from the fact (see [GN],[No2]) that the 
following formulas 

give a diffeomorphism between {k G C 2 : /c 2 = i?}, i? < 0, and C\0. 
Note that for k and A of (4.6), (4.7) the following formulas hold: 

|Imfc| = M(|A| + JL), \Rek\ = ^(\X\ + ± ), (4.8) 
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where (k,p) E Cl v , (X,p) E (C\0) x (R 3 \C„). 

We consider A,p of Lemma 4.1 as coordinates on Vt v and on Vt. 

5. 9-equation for H on in the coordinates A, p 

Lemma 5.1. Let the assumptions of the part I of Proposition 3.1 be fulfilled and 
v E C(R 3 ). Let A, p be the coordinates of Lemma 4.1, where 0, u satisfy (4.3), (4.4a). Then 

J^(A, P) , P) - -££(M^f_i) (cos ,_ 1} _ ^ x (mj 

H(k(X,p), -£(A,p, (p))H(k(X,p, ip),p + £(X,p, (p))d(p 
for X E C\0, p G M 3 \£ i/ , where k(X,p) is defined in (4.7) (and aiso depends on u, 9, u), 

£(A,p, ip) = Re k(X,p)(cosip — 1) + (A,p) sin</?, (5-2) 
jU-g ^ _ Irnk(X,p) x Rek{X,p) 

where x m (5.3) denotes vector product. 

Proof of Lemma 5.1 is given in Section 9. In this proof we deduce (5.1) from (3.13). 
Note that (5.1) can be written as 

-tH(k(X,p),p) = {H,H}(X,p), AeC\0, pGK 3 \£„ (5.4) 

where 

{U lt U 2 }(\ tP ) = ~ r (MH^A(cos <p - 1) - M sin^ x 



4J_ 77 \2 X\X\ X J (5.5) 

Ui(k(X,p), -£(A,p, (p))U 2 (k(\,p) + £(A,p, </?),p + £(A,p, ¥?))aV, 

where C/i, t/2 are test functions on O (defined by (2.19)) and k(X,p), £(A,p, cp) are defined 
by (4.7), (5.2), (A,p) E (C\0) x (R 3 \£„). Note that in the left-hand side of (5.1), (5.4) 

(k(X,p),p) E Cl v (5.6a) 

and in the right-hand side of (5.1), (5.5) 

(fc(A,p),-e(A,p,^))efi\(0,0), 

(fc(A,p) + £(A, p, </?), p + £(A, p, ?)) g O\(0, 0), 

where A G C\0, p G R 3 \A,, 99 G [— 7r, 7r] (and (0,0) denotes the point {k = 0,p = 0}). 

Lemma 5.2. Let the assumptions of Lemma 4.1 be fulfilled. Let Ui, U2 E L^°(fi) for 
some [i > 2, where L^°(fi) is defined by (2.23). Let {£/i, U2} be defined by (5.5). Then: 

{U U U 2 } E L°°((C\0) x (M 3 \£,)) (5.7) 
14 
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and 

|{^W P )l<»»x 

c_M\x\ c 4 (/i)H||A| 2 -i| cM\p\ (5 ' 8) 

|A| 2 + l) 2 + |A| 2 (1 + H(|A| + IAI" 1 )) 2 + |A|(1 + H(|A| + IAI" 1 )) 

for almost all (X,p) G (C\0) x (R 3 \A,). 

Proof of Lemma 5.2 is given in Section 10. 

6. Finding H on O from its nonredundant restrictions H\„ 

Our next purpose is to give an integral equation for finding H on O from R = H\„, 
where O and S are defined by (2.19), (2.20). Actually, we will give an integral equation 
for finding H on £l u from R = H\„ , where Vt v is defined by (4.1) and E u = Ed fl u . In 
the coordinates of Lemma 4.1 this means that we will give an integral equation for finding 

H(X,p) = H(k(X,p), P ), AeC\0, pelV,, (6.1) 

from 

R(p) = H(Xo(p),p) = H(k(X (p),p),p), P elV„ (6-2) 
where Ao of (6.2) is a piecewise continuous function of p G K 3 \£;, with values in 

T = {AeC: |A| = 1}. (6.3) 

These properties of Ao of (6.2) follow from the properties of 7 of (1.10a) and from (4.6). 
Note that if, for example, 7 = 6*, where 9, u are defined by (4.5), then Xo(p) = 1 for 

We will use the following formula 



A G C\0, A G C\0, 



(6.4) 



where u(X) is continuous and bounded for A G C\0, du(X)/dX is bounded for A G C\0, 
and du(X)/dX = 0(|A| -2 ) as |A| — > 00. Note that the aforementioned assumptions on 
du(X)/dX in (6.4) can be somewhat weakened. One can prove (6.4) using the formula 

(where 5 is the Dirac function), the Liouville theorem and the property that (6.4) holds 
for A = A . 

Proposition 6.1. Let the assumptions of Lemma 5.1 be fulfilled. Let H = H(X,p), 
R = R{p) be defined by (6.1), (6.2). Then H = H(X,p), (X,p) G (C\0) x (R 3 \C V ), satisfies 
the following nonlinear integral equation 

H{X,p) = R{p) + M{H){X,p), AgC\0, P GlV„ (6.6) 
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where 

A G C\0, p G R 3 \A,, 



(U u U 2 )((,p) = {U[,U 2 }((,p), CeC\o, peR s \£^ (6.8a) 
£/j(M = ^(A(M,P), (fc,p)e J = 1,2, (6.86) 

where U,U\,U 2 are test functions on (C\0) x (R 3 \£„), {t^,^} is defined by (5.5), Ao = 
Ao(p) is the function of (6.2), A(/c,p) is defined in (4.6). 

Remark 6.1. In addition to (6.8), note that definition of (Ui, U 2 ) can be also written 

as 

(uuu 2 )(x, p) = _i£(M Wbl^^D _ M si „,) x (69) 

?7i(zi(A,p, v?), -f (A,p, ip))U 2 (z 2 (X,p, <p),p + £(A,p, p))dp, 

where 

2fe(A,p)(e(-e(A,p,^)) + io;(-e(A,p,^))) 



zi(A,p, </?) = 
22 (A, p, v?) 



z|p| 

2(A;(A,p) + £(A,p, <p))(6(p+Z(\,p, ip)) + iu(p + £(A,p, v?))) 



(6.10) 



z j_pj 



A G C\0, p G R S \C U , ip G [-7r,7r], fe(A,p) is defined in (4.7), £(\,p,(p) is defined by (5.2), 
6>, uj are the vector functions of (4.3), (4.4a). 

Remark 6.2. Under the assumptions of Theorem 6.1, equation (6.6) holds, at least, 
for almost any (A,p) G (C\0) x (R 3 \C U ). 

Proposition 6.1 follows from Lemmas 4.1, 5.1, 5.2 and formula (6.4) for u(X) = H(\,p) 
(defined by (6.1)). 

Consider 



((C\0) x (R 3 \C V )) = {U G L°°((C\0) x (R 3 \£„)) : \\\U\\\^ < oo}, 
|||C/||U = ess sup (l + |p|)^|t/(A,p)|, fi>0. ( 6 - n ) 



Under the assumptions of Proposition 6.1, from the part I of Proposition 3.1 and formulas 
(6.1), (6.2) it follows that 

H,ReL™((C\0) x (K 3 VC)) (6.12) 
(where R is independent of A G C\0). 
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Note that 

M(U)(X,p) = N(U)(X,p) - N(U)(X (p),p), (6.13a) 
N(U)(X,p) = I(U,U)(X,p), (6.136) 

I(U 1 ,U 2 )(X,p) = -± [ {U^U 2 )^p) dRe . Cd [ m ^ (6.13c) 

JC C - X 

where (X,p) G (C\0) x (R 3 \£„), U, U u U 2 are test functions on (C\0) x (R 3 \C V ), (U u U 2 ) 
is defined by (6.8). 

To deal with nonlinear integral equation (6.6) we use Lemmas 6.1, 6.2 and 6.3 given 
below. 

Lemma 6.1. Let U,U-l,U 2 G L£°((C\0) x (K 3 \A)) for some \i > 2. Let M(U), 
N(U), I(Ui,U 2 ) be defined by (6.7), (6.13), where A, p are the coordinates of Lemma 4.1 
under assumption (4.4a). Then 



I(U U U 2 ),N(U),M(U) G L~((C\0) x (M 3 \A)), (6.14a) 

(6.146) 



I(Ui, U 2 )(-,p), N(U)(-,p), M(U)(-,p) G C(C\0) n L°°(C\0) 
for almost any p G M 3 \£ !y , 



l/^^^IIU^Ce^lll^llUIII^HU, (6.15a) 
\N(U)\\\,<c 6 ^)\\\U\\\l, (6-156) 

|M(C0HU<2c6(/i)|||I7|||J, (6.15c) 
|AT(t/ 1 )-iV(t/ 2 )||| M <c 6 (^(|||t/ 1 ||| M + |||t/ 2 ||| M )|||t/ 1 -t/ 2 ||| M , (6.16a) 
|M(t/x) - M{U 2 )\% < 2c 6 (/i)(|||t/ 1 ||| /i + \\\U 2 \\\^)\\\Ui - U 2 \%. (6.166) 

Lemma 6.1 is proved in Section 11. 

Lemma 6.2. Let \i > 2 and < r < (4c 6 ( / u))~ 1 . Let M be defined by (6.7) (where A, p 
are i/ie coordinates of Lemma 4.1 under assumption (4.4a)). Let £/o G L£°((C\0) x (R 3 \£^)) 
and \ \\Uq\\\h < r/2. Then the equation 

U = U +M(U) (6.17) 

is uniquely solvable for U G L?°((C\0) x (]R 3 \£^)), IH^IH^ < r, andU can be found by the 
method of successive approximations, in addition, 

HI"-(W°>lll** 5gg%fe »eN, (6.18) 

where Mu denotes the map V — > C/o + M(V). 

Lemma 6.2 is proved in Section 12 (using Lemma 6.1 and the lemma about contraction 
maps) . 
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Lemma 6.3. Let the assumptions of Lemma 6.2 be fulfilled. Let also Uq G L^°((C\0) x 
(IR 3 \£ ;y )), |||{7o|IU — r /2 andU denote the solution of (6.17) withUo replaced by Uq, where 
U G L~((C\0) x (R 3 \£„)), < r. Then 

iii^-^iii^ 'f ;^ - (6-i9) 

1 - 4c 6 (»r 

Lemma 6.3 is proved in Section 12. 

As a corollary of Proposition 6.1 and Lemmas 6.2 and 6.3, we obtain the following 
result. 

Proposition 6.2. Let the assumptions of Lemma 5.1 be fulfilled. Let 

def 2C 1 

r = T^MC < W (6 ' 20) 

where C is the constant of Proposition 3.1. Let if = H(X,p), R = R(p) be defined by (6.1), 
(6.2). T/ien 

|||#||| M <r/2, |||#||| M <r/2 (6.21) 

and R uniquely and stably determines H via nonlinear integral equation (6.6) considered for 
HI-Hlll < r. In addition, this equation is solvable by the method of successive approximations 
according to (6.18) (of Lemma 6.2) and the stability estimate holds according to (6.19) (of 
Lemma 6.3) (where Uq, U, Uq, U should be replaced by R, H, R, H, respectively). 

Finally in this section, we apply Propositions 6.1, 6.2 and Lemmas 6.2, 6.3 to approx- 
imate finding H on O from H"|„ T , where 

fi T = {(k,p) G O : \Imk\<r}, (6.22) 
S T =SnO T , (6.23) 

where Q and S are defined by (2.19), (2.20). In the coordinates of Lemma 4.1 this means 
that we deals with approximate finding H = H(X,p) defined by (6.1) from Ri T = XnR, 
where R = R(p) is defined by (6.2) and Xs denotes the multiplication operator by the 
function Xr(p)i where 

Xsip) = 1 f° r \p\ < s 7 Xs(p) = for \p\ > s, where p G M 3 , s > 0. (6.24) 

One can see that R^ T is a low- frequency part of R and, thus, H"|„ T is a low- frequency part 
of H"|„. One can see also that fJ r is a low-imaginary part of O and, therefore, S T is a 
low-imaginary part of S. 
Note that 

|||X2ri2||U<|||i2||U ( 6 - 25 ) 
\\\ R -^R\\V<j^^ (6.26) 
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for R G L™ ((C\0) x (R 3 \C V )), where < \i < //*, r > 0. 

Using Propositions 6.1, 6.2, Lemmas 6.2, 6.3 and estimates (6.25), (6.26) we obtain 
the following result. 

Proposition 6.3. Let the assumptions of Proposition 6.2 be fulfilled. Let also 

v G Lj£(R 3 ) /or some //* > //. (6.27) 

Let r > 0. T/ien: 

111X2^111^ <r/2, (6.28a) 

G Z/^(R 3 \£j,); (6.286) 

\ 2r R uniquely and stably determines H 2r , where H 2t denotes the solution of the nonlinear 
integral equation 

H 2t = X 2tR + M(H 2t ), |||#2t||U < r, (6.29) 
see Lemmas 6.2, 6.3; the following estimate holds: 

m ~ H2T ^- (l + 2rr^ (6 - 30) 

Note that (6.28b) follows from the property that R G L^(R 3 \C U ), the assumption (6.27), 
the part II of Proposition 3.1 for \x = fj,* and definition (6.2). Estimate (6.30) follows 
from Proposition 6.2, Lemma 6.3 (where Uq, U, Uq, U are replaced by R, H, X2rR, H 2r , 
respectively) and from (6.28), (6.29), (6.26). 

Actually, in Proposition 6.3, H 2t is a low-frequency approximation to H. In addition, 
estimate (6.30) shows that the error between H 2t and H rapidly decays in the norm 1 1 1 • 1 1 1^ 
as t — > +oo if /i.* — yt* is sufficiently great. 

7. Finding v on R 3 from H on O and some related results 

Actually, in this section we consider finding v on R 3 \£^ from H on in the co- 
ordinates of Lemma 4.1 under assumption (4.4a). In addition, under the assumptions of 
Proposition 6.3, we consider also approximate finding v on R 3 \£^ from H 2t introduced in 
Proposition 6.3 as a low-frequency approximation to H. 

Under assumption (2.3), formulas (2.11), (4.7), (4.8) imply that 

H(X,p) -> v(p) as A^O, (7.1a) 
H(\,p)->v(p) as A -> oo, (7.16) 

where A G C\0, p G R 3 \£^ and H(\,p) is defined by (6.1). In addition, under the 
assumptions of Proposition 6.1, formulas (6.6), (7.1) (and estimates (3.7), (3.8), (5.7), 
(5.8)) imply that 

v(p) = R(p) + M(H)(0,p), (7.2a) 
v(p) = R(p)-N(H)(X (p),p) (7.26) 

19 



R.G.Novikov 

for p G IR 3 \£ I/ , where M, N are defined by (6.7), (6.8), (6.13), and A is the function of 
(6.2). In addition, due to (6.13a), we have that 

M(H)(0,p) = N(H)(0,p)-N(X o (p),p), peR 3 \£„, (7.3) 

and, as a corollary of (7.2), (7.3), we have that 

N(H)(0,p) = 0, pGl 3 \C (7-4) 

Further, under the assumptions of Proposition 6.3, using (6.29) we obtain that 

H 2T (X,p) v 2t (p) as A ^ 0, (7.5a) 

H 2r {X,p) -> %r(p) as A -> oo, (7.56) 

where 

vtM = X2rR(p) + M(H 2T )(0,p), (7.6a) 

V2r(P) = X2rR(p) ~ N(H 2t ) (A (p) , p) , (7.66) 

for p G lR 3 \£ !y , where M, N are defined by (6.7), (6.8), (6.13) and A is the function of 
(6.2). In addition, formulas (1.9), (6.11), (7.1), (7.5) imply that 

\\v-vf T \\^<\\\H-H 2T \\\^. (7.7) 



Under the assumptions of Proposition 6.3, formulas (6.30), (7.7) imply that v on IR 3 can 

1 



be approximately determined from H 2t as v^ T of (7.5), (7.6) and 



\v — v. 



2r 1 1 A* 



0(—^) as r^+oo. (7.8) 



8. Proofs of Lemma 3.1 and Proposition 3.1 

Proof of (3.3). We have that 

\A(k)U(p)\<I(k,p)\\v\UU\\„ (8.1) 

where 

'(*.») - / FwTgTW ' * e E ' p e R3 (8 ' 2) 

R 3 

To prove (3.3) it is sufficient to prove that 

I(k,p) < , Cl ^\ , (8.3a) 

1 ,yj - (1 + IpIK 1 ' 

20 



On non-overdetermined inverse scattering at zero energy in three dimensions 
where fceE,pGR 3 . Note that 



/(M<( / + / ) 



+ + + |£|)"|£ 2 + 2A;£r 

I€I<Ip+€I I€I>Ip+€I 
where k G S, p G M 3 . Note also that 

lei < =► > ha lei > i^+ei =► lei > ha 

where ^6 M 3 . Using (8.4), (8.5) we obtain that 

I(k,p)<(l + \p\/2)-»(h(k) + h(k,p)), 

where 



h(k) = J 

R 3 

h(k,p) = 

I 

where k G E, p G R 3 . Note that 



(l + |£|)"|£ 2 + 2fc£|' 

(i + \ P + me + m' 



h(k) = l 2 (k,0), fees. 

Note further that 
h(k,p) = 



I 



(1 + \(Z + Rek) - (Rek-p)\)»\(£ + Rek) 2 - (Re k) 2 + 2ilm fc(f + Re k)\ 

R 3 

I 3 (k,Rek -p), 



h(k,p) = J 



(1 + If -Pl)^ 2 ~ (Re k) 2 + 2ilmk£\ ' 



where k G S, p G IR 3 . 

In view of (8.6)- (8. 10), to prove (8.3) it is sufficient to prove that 

h(k,p) < ci(^), 

where fc G S, p G M 3 . 
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Consider py = py (p, Im k), p± = p± (p, Im k) , where 

P\\ = | /mfc | | Jmfc | for I^^I^O, p|,=0 for |/mfc| = 0, p ± = p - p h (8.12) 

where p, Im fcel . Using the properties 

ImkRek = 0, {Rekf = {Imkf for fc£E (8.13) 
and changing variables in the integral of (8.10), we obtain that 

h(k,p) = 



I 



(1 + ((6 - \P±\) 2 + H + (6 - sgn (P||lm fc)|P||l) 2 ) 1/2 )"l£ 2 " (I™kf + 2i \Imk\£ 3 \ ' 

(8.14) 

where 6 E, p G 1R 3 . Further, using (8.14) we obtain that 

I 3 (k,p)<V2h(\Imk\,\p\\\,\p ± \), (8.15) 

h(p,s,t) = 



I 



(i + (Ci - 1) 2 + e 2 2 + (6 - s) 2 )^ /2 (l£ 2 + £ 2 2 + Cl - p 2 I + 2p|&l) ' 



(8.16) 



where k G E, p G M 3 , p, s,t G [0, +oo[. Due to (8.15), to prove (8.11) it is sufficient to 
prove that 

/ 4 (p,M)<ci(/i)/>/2, (8.17a) 

7 4 (p,M)<^g^, lnp>2, (8.176) 
where p, s, t G [0, +oo[. Note that 

7 4 (p,m)<( y + / ) x 

l€sl<l€3-«| l€s|>l€3-«l 



(i + (d - 1) 2 + e 2 2 + (6 - «) 2 )^ 2 (ia 2 + e 2 + a - P 2 \ + 2pie 3 |) 



< 



/ (i + (a - 1) 2 + e 2 + e 3 y /2 m + e 2 + el - p 2 i + 2*0 

l€s|<|€3-«| 



+ 



/ 



< 



(1 + (6 - 1) 2 + ^ 2 + (6 - s ) 2 )"/ 2 (i£ 2 + e 2 + (& - *) 2 - p 2 i + 2pie 3 - *i) 

l€s|>|€3-«| 

2 i (i + (ei - 1) 2 + e 2 + ^ /2 (ie 2 + i + el - p 2 i + 2pi&i) = 2/4(p ' °' t} ' 

R 3 

(8.18) 

22 



On non-overdetermined inverse scattering at zero energy in three dimensions 
where p,s,t e [0, +00 [. In addition, in (8.18) we used, in particular, that 



\ei+e2+es-p 2 \+ms\>\ei+e2+(a-s) 2 - P 2 \+2 P \^-s\ if i6i>i6 

To prove (8.19) we rewrite it as 

p 2 - & - e 2 - n + 2 P ie 3 i > p 2 - & - el - (6 - *y + 2 P |6 - 8 \ 
for i6i > i6 e 2 + e 2 2 + el < p 2 , 

£ + el + & -p 2 + 2pi6i > £1 + el + (6 - «) 2 - p 2 + 2 P |6 - *i 

for |6| > £ + & + p 2 , tl + tl + ^-sfyp 2 , 

g + e 2 + e s -p 2 + 2pi6i > p 2 - - e 2 2 - (6 - s) 2 + 2 P |6 - si 

for |6I > 16 -4 Ci 2 + 6 2 + 6 2 >p 2 , Ci 2 + 6 2 + (e 3 -s) 2 <p 2 . 

Inequality (8.20a) follows from the inequalities 

— x 2 + 2px > —y 2 + 2py for < y < x < p, 



y=\£ 3 -s\<x= |6I < \] p 2 -il + il < P- 

Inequality (8.20b) is obvious. Inequality (8.20c) follows from the inequalities 

x 2 - 5 2 + 2px > 5 2 - y 2 + 2py for < 5 < p, < y < 5 < x, 



y = 1 6 - a 1 < 5 = yj p 2 - 6 2 - e 2 < x = i6 1 , s = v p 2 - $ - e 2 < 

In turn, inequality (8.23) follows from the inequalities 

x 2 - 5 2 + 2px > 2p5 for < 5 < x, 

(8.21) 

5 2 - y 2 + 2py < 2p5 for < y < 5 < p. 

Thus formulas (8.19), (8.18) are proved. 

Due to (8.18), to prove (8.17) it is sufficient to prove that 

/ 4 (p,(U)<|M 

/,M,«)<^ lnp>2, 
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where p, t e [0, +00 [. Using spherical coordinates we obtain that 



h(p,0,t) = 

+ OO 7T 7T 




r 2 sin ifidipdipdr 



(1 + r 2 + t 2 — 2rt sin-i/;cos </?)^/ 2 (|r 2 — p 2 \ + 2pr\ cos^l) 

-7T 

+ OO 71" 7r/2 

2 f f f r2 s * n ^dipdipdr ^ 

J J J (1 + r 2 + t 2 — 2rt sin-i/;cos(/?)^/ 2 (|r 2 — p 2 \ + 2prcos r ip) ~ 

7T 

+oo tt/2 tt/2 

T f t r 2 sin ip dip dipdr ^ (8.27) 

J J J (l + r 2 + t 2 — 2rtsin / ipcosip)i I / 2 (\r 2 — p 2 \ + 2prcos / ip)~ 

-tt/2 
+00 tt/2 tt/2 

4 



r 2 sin ipdipdipdr 



(1 + r 2 + t 2 — 2rt cos</?) M / 2 (|r 2 — p 2 \ + 2prcosip) 

-tt/2 

+00 tt/2 tt/2 

A t ( t ^ / sinW ) r 2 rfr 

7 V J (1 + r 2 +t 2 -2rt cos ip)> 1 / 2 J (|r 2 - p 2 \ + 2prcosip) 

-tt/2 



where p, t e [0, +00 [. Further, we obtain that: 



tt/2 tt/2 



l + r 2 + t 2 -2rtcosv? 7 1 + r 2 + t 2 - 2rt(l - 2(sin(v?/2)) 2 ) 

-tt/2 -tt/2 

7r/4 7t/4 

dip f \p2 cos ipdip 



2 / *! <2 / - 

7 l + (r-t) 2 + 4rt(sin</?) 2 ~ 7 1 



+ (r — t) 2 + 4rt(sin</?) 2 

— 7t/4 — 7T/4 

l/\/2 V2Tt 

/" V2du _ 2V2 j du 

J 1 + (r - t) 2 + Artu 2 ~ T^t J l + (r-t) 2 + u 2 ~ (8-28) 


\/2rt 

A\f2 f du 



Vri J + (r - t) 2 + u) 2 



4^2 t 1 1 

Vri \ + (r-t) 2 y/1 + (r - t) 2 + V27i 
8 

y/l + (r- t) 2 (v/l + (r - t) 2 + V2H) ' 
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7T/2 



/sin ipdip f 
\r 2 — p 2 1 + 2p r cos ij> J 





du 



r 2 — p 2 \ + 2pru 



(8.29) 



\pr ^ P\ J>r P )lo 2pr ( |r 2 — p 2 |) 



2/9', 

where p,t & [0, +oo[. Using (8.27)-(8.29) we obtain that 

+oo 

hip At) < 32 / - — - — =- < 

J y/l + (r- t) 2 (y/l + (r - t) 2 + y/2rt) ~ 

+ 00 + OO 

32 / TT(7^7F £ 32 / ITT 5 = 321 for p = °' <ao ' 

-oo 



(8.30a) 



+oo In 1 J 2 P r I rr / r 

Q m>2 16 /• m V 1+ I^-p 2 !/^ _ 

' pi v/1 + (r - t) 2 (v/l + (r - t) 2 + V2Ti) ~ ( 8 - 306 ) 

h(p,t/p) for p>0, £>0, 



where 



+oo 



plnfl + pf^VaV 

i(p,e) = 16 / > . 7 p>0, e>0. 

J v/1 + p 2 (r - e) 2 (y/l + p 2 (r - e) 2 + p^e) 



As regards h(p,s), we will estimate it separately for e G [0, 1/4], e G [1/4,2] and 
e G [2, +oo[. For e G [0, 1/4], p > 0, we start with the partition: 

1/2 3/2 +oo 



/ /' / f , plnh+j^Ardr 



1 + p 2 (r - e) 2 + pV2reJl + p 2 (r - e) 2 ( 8 - 31 ) 

1/2 3/2 v 

16(J 5) i(p,£) + / 5j2 (p,£) + / 5 ,3(p,e)), 

1/2 3/2 +00 

where h,i 7 h,2, h,3 correspond to J , J" , / , respectively. Further, 

1/2 3/2 

1/2 

7 5 , 1 (p,e)<ln(7/3) / — _ f^" = In (7/3)f 5> i(p, e), (8.32) 

7 1 + p [r - e) z + p^re{± + p\r - e\) 
o 
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where p > 0, e e [0, 1/4]. In addition: 



1/2 1/4 

~ /■ prcir 1 /■ prfr In (l + p 2 /4) 

/5 ' l(p ' £) = I TTpV = 2 7 TTT^ = ^ (8 - 33a) 



for p > 0, e = 0; 

1/2 3/2 l/(2e) 



p £ 2 rdr 



+ ( P s) 2 (t - l) 2 + p£v^(l + pe|r - 1|) (8.336) 



1/2 3/2 

^5,1,1 (p,e) +-?5,i,2(p,e) +/5,i,e(p,e) for p > 0, ee]0,l/4], 

1/2 3/2 l/(2e) 

where -^5,1,1, ^5,1,2, I$,i,e correspond to J , J , f , respectively. In addition: 

1/2 3/2 

/^.e) <^^ = -J^^min (I, |), (8.34) 

3 /2 

, , ., /' pe 2 (3/2)dr 

1 5, 



1 + pe ^1/2(1 + P b(t-1)) 



5,i, 2 (p,e)<2 y 
i 

1/2 

7 l + pe/V2+(pe)W2 (pe) 2 1 ^ ^ ^lo 



o 



P lU ^ + 2(V2 + pe)^ ~ P ln ^ + 32 v / 2' ) ' 

(2s)- 1 -! (2E)- 1 

f f/, ^ < / pg 2 (r + l)dT pe 2 rdr 

/5 ' i ' 3(p,£) - y i+^r 2 - 3 y i + ^)v 2 - 

1/2 1/2 (8.36) 

|g,in(i +( p £ ) 2 x)i;;f» 2 <| ; i„(i + pV4), 

where p > 0, e e]0, 1/4]. Further, 

3/2 
1/2 

p(2r/\r 2 - l\)rdr f 4p(l + (r 2 - l) -1 )eir 



/5 ' 3(p ' e) - y i+p 2 (r- £ ) 2 - y (i +P (r- £ )) 2 - tt^' (8 - 38) 

3/2 3/2 
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where p > 0, e e]0, 1/4]. 

For e e [1/4, 2], p > we use the partition: 

// 8 } plnfl+^V^ 
/ 5 (p,e) = 16( / + / + 



1 + p 2 (r - e) 2 + pv^a/I + P 2 (r - e) 2 ( 8 - 39 ) 

1/8 3 v 

16(/ 5 ,4(p,e) + h,5(p> £ ) + / 5,6(p,e)), 

1/8 3 +oo 

where ^5,4, ^5,5, /s,6 correspond to f , f , J" , respectively. In addition: 

1/8 3 
1/8 

Is , iM <_ 1 » (m J T -^<_^, (8 , ) 



3 

/2r 
ln(l + p— ^)rdr, (8.41a) 

1/8 



? 3pln(l + ^)aV 
hs(p,e)< / 7^= < 



1/8 



r \ 3pln(l + F ^dr 

7 + J J 1 + p^/T/32 + p 2 ^/Tj32\r^[) 



< 



|r— e|<|r— 1|, l/8<r<3 |r-e|>|r-l|, l/8<r<3 



12V2 ^ ' + / V ' ,] ) 

\J 4V2 + p + p 2 \r - e\ J 4y/2 + p + p 2 \r - 1| / 



< 



1/8 1/8 

3 



4sV - 2 f £h£±M. < 4sV - 2 [ Mi±iH = 

7 4-\/2 + p + p 2 r ~~ 7 1 + pr 



| j yn(l + ^)dr p>i 



(8.416) 



1 



1 3p 

48^2 / / (In (3p) + In (l/r))dr / In (1 + 2p)dr 



1 + r 



iV2^y (ln(3p) + ln(l/T))dr | J 
1 

^ (in (1 + 2p) In (1/2 + (3/2)p) + In (3p) In 2 + j , P > 1, 
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+00 +00 

f p(2r/\r 2 -l\)rdr f 4p(l + (r 2 - l)- 1 )^ 5 

3 3 

where p > 0, e e [1/4,2]. 

For e G [2, +00 [, p > we use the partition: 

h(p, e) = 16(7 5 , 7 (p, e) + / 5)8 (P, e)), (8-43) 

where 7 5)7 = 7 5> i + 7 5;2 , 4,8 = 4,3, where 7 5j i, 7 5j2 , 7 5i3 are defined as in (8.31). In 
addition, 

3/2 

J «.^ e ) ^ rpTvi / ln (! + p^) rrfr ' ( 8 - 44 ) 



J„(M</ p(2r/|r 2 - l|)rdr 



1 + p 2 (r - e) 2 + pV3(l + p\r- e\) 

3/2 



+00 

2p(l + (r 2 - l)- 1 )^ 



/ 



< 



1 + v^p + >/3p 2 |r - e| + P 2 (^ - e) 2 

3/2 

+00 1 +00 

Apdr ^ f 8pdr f 8pdr 

I -1 on — 



(8.45) 



f 4prfr < r 

J 1 + v / 3p + VSp 2 \r\ + p 2 r 2 ~ J 



+ V3p + V3p 2 \r\ +p 2 r 2 J V3p + V3p 2 r J 1 + p 2 r 2 

-00 '1 

1 +00 

dr i /" lQpdr 8 In (1 + p) 16 



1 + pr J (1 + pr) 2 ^3 p 1 + p' 

1 

where p > 0, £ G [2, +00 [. 

Estimates (8.26) follow from (8.30)-(8.45). Thus, estimates (8.17), (8.11), (8.3) are 
proved. The proof of (3.3) is completed. 



Proof of (3.2). Let 



= *>(£), ^(0 = ^1^, (8-46) 



where £ G M 3 , fceS. We have, in particular, that 

/1 G L°°(R 3 ), / 2 G 7 1 (IR 3 ). (8.47) 

Property (3.2) follows from (8.46), (8.47) and the following lemma. 
Lemma 8.1. Let /1, / 2 satisfy (8.47). TTien t/ie convolution 

ft *f 2 G C(M 3 ) nL°°(R 3 ), (8.48) 
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where 

(/i*/ 2 )(p) = J fi(p-Z)MZ)dZ, peR 3 . (8.49) 

Lemma 8.1 follows from the following properties of (fixed) fx G L°°(IR 3 ), f 2 G L 1 (M 3 ): 

1 |/ 2 (0l^<oo, (8.50a) 
IR 3 

y 1/2(01^-^0 as r^+oo, 



(8.506) 



sup / 1/2(01^-^0 as (8.50c) 

mes A<e J 
A 



Vr>0,e>0,A>13«G C(B r+1 ) such that 
messupptfx-u) <e, ||u||c(B r+ i) < A||/i|| Loo(R3) 



where 



(8.50d) 

6 r = {^l 3 : 10 <r}. (8.51) 



The proof of (3.2) is completed. 

Proof of (3.4). Due to (3.3a), we have that 

||(;4(A0 - A{l))U\\^ < 2cM\\v\\jU\\^ k,l G E. (8.52) 

Besides, we have that 

|(A(fc)-A(Z))*7(p)| < (A 1 (/,e,p) + A 2 (A;,/,e,p) + A3(A;,/,e,r,p) + A4(A;,/,r,p))x 

(8.53) 

where 

T>(l,e) 

{1 + lp + mi + ]me + 2H y < 8 ' B5 > 

T>{l,e) 

A3( *''' £ ' r ' p)= / (TTWTwirW^TmeTWl' (8 ' 56) 

B r \T>(l,e) 

Ad (kirv)- I (8 57) 
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where 

P(U) = {(e« 3 : \e + m<e}, (8.58) 

B r is defined by (8.51), 

< e < 1, 2|/| + 2 < r, |fc - Z| < 1, k, I G E, pGl 3 , (8.59) 
where |z| = ((.Re^ 2 + \Imz\ 2 ) 1/2 for z G C d . Note that 



ie 2 + > + 2Rem > iei ciei - 2|iM) > 2iei > 4 > e 

for £ G R 3 \£> r 



Ai, 2 (/,£,p) = 

© (i,e) 



(l + |£|)"|£ 2 + 2l£| 

2>(I,e) 



\e+m - j \e+2Rem+2\imit\ 

T>(l,e) T>(l,e) 



I 



< 

|(£ + #e/) 2 - (i?e/) 2 | +2|/m/(^ + i?e/)| ~ 



/" V2rf^ pi = |flel|,(8.13) /• 

./ \?-(Rel) 2 \ + 2\ImlZ\ ~ 7 



(8.60) 



and, therefore, 

V(l,e)dB r (8.61) 
under conditions (8.59). Further, we estimate separately A 1? A 2 , A 3 and A 4 . 
Estimate o/Ai. In a similar way with (8.6), (8.7) we obtain that 

A 1 (l,e,p) < (1 + |p|/2) _/i (Ai,i(Z,e) + (Ai, 2 (J,e,p)), (8.62) 
Ai,i(/,e)= | * 



(8.63) 



where < e < 1, / G S, p G M 3 . In addition, 

A M (Z, £ ) < A 1)3 (Z,£), A 1)2 (/,e,p) < A 1>3 (Z,e), (8.64) 

where 

^ /■ v^<^ (8.13) 



| (£+i?e I) 2 -(Re l) 2 +2ilm l(£+Re l)\<s 

y/2d£ w =|flei|,(8.i3) /• ^/2^ (8.65) 



|e 2 -(i?eZ) 2 | + 2|/mZe| 7 |£ 2 - p 2 | + 2p^ 3 | 

| ? 2_ (i?e0 2|< £ |C 2 -pfl<£ 



< 



(Pf+ £ ) 1/2 



(max(p2_ £j 0))i/2 -7T 
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(p^) 1 / 2 Tr/2 

r sin ip dip dr (8.29) 



r 2 — p 2 \ + 2pr cost/' 

(ma X (p 2 -e,0)) 1 /2 



(8.66) 



A M (p,e)= J J 

(P 2 + £ ) 1/2 

2 J |r 2 — p z \ ' p 

(max(p 2 -e,0)) 1 /2 

P (P 2 + £ ) 1/2 

K / + / ^-f^^ 

(max(p 2 -e,0)) 1 /2 p 

Ai, 4 ,i(p,e) + Ai )4 , 2 (p,e), 

P (p 2 +e) 1/2 

where A141, A14 2 correspond to f , f respectively, < s < 1, I G S, 

(max(p 2 -e,0)) 1 / 2 P 

p z = |ije/| = |Z|/>/2, < p. In addition, 

A M (p, e) = J dr = e 1/2 for p = 0, < e < 1, (8.67a) 



(max (p 2 -e,0)) 1 / 2 (max (p 2 -e,0)) 1 / 2 



(2P) ° -(,-r)'-' 



2a(l - a) 



(max(p 2 -e,0)) 1 / 2 



2 Q(1 - a )("-^C 2 -^« 1/2 ) * 

for p > 0, < s < 1, < a < 1, 



(p 2 +e) 1/2 (p 2 +e) 1/2 
P P 



(8.676) 



2a(l - a) 
(j2pT_ 
\2a(l - a) 

for p > 0, < s < 1, < a < 1. 



( 2 ^" +1 \ e (l-a)/2 
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Note that in (8.67b), (8.67c) we used the inequalities 

ln(l + x) < a~ x x a for x > 0, < a < 1, (8.68) 
(x + e) 1/2 - x 1/2 < e 1/2 for x > 0, £ > 0. (8.69) 

Due to (8.62)- (8.67) we have that 



A 1 (l,e,p) < 8nV2(l + \p\/2)^(l + (2 )f^\ U 1 '^ 2 (8.70) 

for / G E, < £ < 1, p G K 3 , < a < 1. 

Estimate of A 2 . In a similar way with (8.62)-(8.65) we obtain that 

A 2 (M,e,p) < 2(1 + \p\/2)-»A 2 (k,l,e), (8.71) 

A (h 1 \ - f ^ . 

2l , ,£J " 7 |^ + 2 i?e^| + 2|/m^| S 

V(l,e) 



a. 



\(t + Rek) 2 - (Rek) 2 \ + 2\Imk(£ + Rek)\ ( 8 - 72 ) 

|((£+i?e k)-(Re k-Re I)) 2 -(Re l) 2 \<e 



I 



\e - (Rek) 2 \+2\Imk^ 

\(£-(Rek-Rel)) 2 -(Rel) 2 \<e 

where k, I G E, < £ < 1, p G 1R 3 . Note that 

l(£ - O 2 - P 2 | < e & max (p 2 - s, 0) < (£ - C) 2 < p 2 + (8.73) 
max ((max (p 2 - e, 0)) 1 / 2 - |C|, 0) < |£| < |C| + (p 2 + e) 1 ' 2 (8.74) 

(8 4 9) max(p-^ _ | C |, ) < |£| Kp + e 1 ' 2 + \(\, (8.75) 

where (,( G R 3 , p > 0, < £ < 1. Using (8.72) and (8.73)-(8.75) for ( = Re k - Rel, 
p = \Rel\, in a similar way with (8.65), (8.66) we obtain that 

A 2 (k,l,e) = 

Pk Pi+5 

/ + /)K 1+ F?sr)( 1+ ^r)*- 

max (pi— (5,0) Pk 

27rv / 2(A 2 ,i(pfc, pi, 5) + A 2 , 2 (pfc, pi, 5)), 

p fc = |iJefc| ^ 0, p/ = |i?eZ|, 5 = £ 1/2 + \Rek- Rel\, k, I G E, < £ < 1, 
where A 2j i, A 2;2 correspond to J , J respectively. In addition, in a similar way 

max (pj— <5,0) Pfc 

with (8.67) we obtain that 

A 2 (k,l,e) < 4tvV2(5 + pi - p k ) < 4tt V / 2(£ 1/2 + 2\Rek- Rel\) for k = 0, (8.77a) 
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A 2 ,i(Pk,Pi,S) < { l Pk) ° \ { P k-^{pi-5^)) 1 - a < 
a(l — a) 



(2p 



k 



(5 + \ Pk ~ Pi\f~ a < ( 2 lf e/c l) Q ( £ V2 +2 \Rek- Rel\f~ 



(8.776) 



n ( 1 — a) ' ' ! o ( 1 — a) 

A 2 , 2 (p fc , Pu 8) < ^f^A pi + S - pk) 1 -" + 2( Pl + d- Pk )< 
a{± — a) 

(2\Rek\r l/2 + k _ Rell) i- a + 2(£ i/ 2 + 2lRe k _ Rell) 
a(l — a) 

where k, Z, e, p k , pi, S are the same as in (8.76) and < a < 1. 
Due to (8.71), (8.76), (8.77) we have that 

A 2 (fc, /, e, p) < 8ttV2(1 + |p|/2)-" f ( 2 ^ ek ^ + 3 A (£ i/ 2 + 2\R e k - Rel\) 1 ~ c 

\ a(l — a) J 

for k,leZ, |fc-Z|<l, < e < 1, pGl 3 , < a < 1. 
Estimate of A 3 . We have that 

A,f* lerp) (8 - 51 < 8 - 58) ! 2\k-l\rd£ EgO 



(8.77c) 



(8.78) 



2\k-l\r d(p) 



(8.79) 



e (l + biy* 

under conditions (8.59). 

Estimate of A 4 . We have that 

(8.57), (8.59), (8.60) /• |fc - Z|df ( 8 - 3a ) 



|fc-Z| 



K \B r (8.80) 

Cl(/i) 



(l + |p|)" 



under conditions (8.59). 

Now formulas (3.4) follow from (8.52), (8.53) and estimates (8.70), (8.78)-(8.80) with 
e=\k- l] 13 , < |ife - l\ < 1 for fixed k E E, r > 2(|fc| + v 7 ^) + 2, a e]0, 1[ and /3 e]0, 1[. 

The proof of (3.4) is completed. 

Finally, property (3.5) follows from the presentation 

(A(k)U)(p) - (A(k')U)(p') = 

((A(fc)t/)(p)-(A(fc)t/)(p')) + ((A(fc)t/)(p')-(^ / )^)b / )) ' 
and properties (3.2), (3.4). The proof of Lemma 3.1 is completed. 

33 



R.G.Novikov 



Proof of Proposition 3.1. Proposition 3.1 follows from equation (1.5) written as 

H(k,-) =v - A(k)H(k,-) (8.82) 
and Lemma 3.1. In addition, to obtain (3.8a), (3.12a) we use the presentation 

H(k,p) - H(k',p f ) = (H(k,p) - H(k,p')) + (H(Kp') - H(k',p')), (8.83) 

where 

H(k, •) d = H(k, -)-v (8 = 2) -A(k)H(k, •), (8.84) 

(3. 2), (8. 84) „ _ 

H(k, •) G C(R 3 ) as soon as H(k,-) G L™(R 3 ), (8.85) 

H{k, •) - H(k', •) = H{k, •) - H(k', •) (8 = 2) ((/ + A(k))- 1 - (I + A(k'))~ 1 )v = 

(I + A(k))-\(I + A(k'))- 1 -(1 + A{k))){I + A{k'))~ l )v = (8-86) 

(J + A{k))-\A{k>) - A(k))(I + Aik'))- 1 ^, 

~ , (8-85) , , „ 

H(k,-) - H(k',-) G C(R 3 ) as soon as H(k, ■), H(k' , ■) G L^(R 3 ), (8.87a) 



|^(A;,-)-^(A; / ,-)IU (3 ' 4) -^ 8 ' 86)o as k ' ^ k 



(8.876) 



as soon as (/ + A(k )) is uniformly bounded in a neighborhood of /c, 

sup (1 + \p'\y\H(k,p') - H(k',p')\ (8 4 7) as k' -> k 
p'et 3 (8.88) 

as soon as (I + A(/c')) _1 is uniformly bounded in a neighborhood of k, 

where fc, fc' G S, p,p' G M 3 . 

The proof of Proposition 3.1 is completed. 

9. Proof of Lemma 5.1 

The proof of Lemma 5.1 of the present work is similar to the proof of Lemma 4.1 of 
[No5]. Proceeding from (3.13), (4.3), (4.4a), (4.7), (5.2), (5.3) in a similar way with the 
proof of Lemma 4.1 of [No5] we obtain that: 



rx H( k ( M = -- J ^ 5+ _^jx 

r * _1TD3 ^ . „, , „, 



d_ 
d\ 

{CeM 3 : e+2kt=o} (9.1) 
^(fe,-0^(A; + e,P+0|^j2, AgC\0, P eR 3 \C v , 

where k = k(X,p), K\ = K\(\,p), K2 = k>2(\p) are defined in (4.7), 9 = 9(p), ui = ui{p) 

are the vector-functions of (4.3), (4.4a), ds is arc- length measure on the circle {£ G R 3 : 
£ 2 + 2k£ = 0} and, in addition, 

ds=\Rek\d<f, (9.2) 
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-t/£ + -?tt _ w? = I ~^-^ e K i + ~^rR e K 2 (cos </? — 1)+ 



OX * dX * \dX dX 
\p\ ( #«i dR 2 \ . 



(9.3) 



2\Imk\ V dX 

under the assumption that the circle {£ G M 3 : £ 2 +2/c£ = 0} is parametrized by (p e] — 7r, 7r[ 
according to (5.2). (Note that in the proof of Lemma 4.1 of [No5] the <9-equation similar 
to (9.1) is not valid for |A| = 1 but it is not indicated because of a misprint.) 
The difinition of ki, k 2 (see (4.7)) implies that 

dX~ 4 [ ' X* h dX ~ 4 X> h 1 J 

i\v\ 1 1 lol - 1 1 

i2e«i = -|^(A-A+--=), ImK 1 = l -f(X + X+j + j). 

Ren 2 =^(X + X-\-l), Im K2 = l j±(X-X- i + i), 
where A e C\0, pGl 3 . Due to (9.4), (9.5) we have that 

—=-Re Ki + 
dX 

\P\ 2 II, 1 X , 1 1 , ^ , 1 , A 1 1 



(A 



<9A 


Re k 2 = 




)(A 






1 


1 A 


1 1 

+ A AA 2 


A ~ 


" A ~ A 2 


1 


A 1 


1 1 


x + 


" A 2 + A 


AA 2 A 3 


r) = 




1 ) 



32 v A A A 2 A AA 2 A 3 



16 v A AA 27 16 |A| 2 A 
Due to (9.6), (9.7), (4.8) we have that 



dX dX 1 J2\Imk\ 2 2A 



(9.5) 



32 'C 1 A 2/v A A ' v ~ ' A 2yv A A 
^ - 1 1 ' 1 + JU (9.6) 



16 v AA 2 

dR\ dn 2 
— — imK 2 - —=-ImKi = 
oX oX 

bl 2 /> r- i i a l i i , nrr . 

, T 1 1 A 1 1 1 . 

a + a+ a + I + F + I + aF + f) = 



^ BeKl+ ^ BeK2 w = M^a, (9 . 8 ) 



dX dX J \Imk\ 4 A|A| 

9Rl Imn 2 - ^Im Kl ) J P [„ = -M, (9.9) 



35 



R.G.Novikov 

where (A,p) G (C\0) x (R 3 \£^). 

The d-equation (5.1) follows from (9.1), (9.2), (9.3), (9.8), (9.9) and the property that 
\Rek\ = \Imk\ for k G E defined by (1.7). 

Lemma 5.1 is proved. 

10. Proof of Lemma 5.2 

Let us show, first, that 

{U lt U 2 } G L% cal ((C\0) x (R 3 \£„)). (10.1) 

Property (10.1) follows from definition (5.5), the properties 

E/i(fc, -£(k, ip)) G L°°(E x [0, 2?r]) (as a function of fc, <p), 

Ui(k, —£(k, (f)) G L°°(n x [0, 27r]) (as a function of fc,p,p (10.2) 

(with no dependence on p)), 

tM& + £(&,</?),;P + £(k,V?)) e £°°(^ x [0,2tt]) (as a function of k,p,ip), (10.3) 

where 

E = {k G C 3 : /c 2 = 0}, O = {A; G C 3 , p G M 3 : /c 2 = 0, p 2 = 2A;p}, (10.4) 

£(k,(p) = Rek(cos<p — 1) + Ar^sin^, fc- 1 = ^" m ^ x ^ e ^ (10.5) 

(where x in (10.5) denotes vector product), and from Lemma 4.1. In turn, (10.2) follows 
from Ui G £°°(fi), definition (10.4) and the fact that p = -£(k,ip), p G [0, 2ir], is a 
parametrization of the set {pel 3 : p 2 = 2/cp}, fe G E\{0}. To prove (10.3), consider 

= {k G C 3 , / G C 3 : k 2 = I 2 = 0, Imk = Iml}. (10.6) 

Note that 

10.7) 

(k,l)ee=>(k,k-l)eSl, (k,p) gO^ (k,k- P ) g 6. v y 

Consider 

u 2 (k,l) = U 2 (k,k-l), (k,l)eQ. (10.8) 

The property E/2 G L°°(0) is equivalent to the property U2 G L°°(©). Property (10.3) is 
equivalent to the property 

u 2 (k + £(k, if), I) G L°°(0 x [0, 2n]) (as a function of fc, /, <p). (10.9) 

Property (10.9) follows from the property 

u 2 (C(l, tp) + Urn /, /) G L°°(E x [0, 2tt] x [0, 2tt]) ^ 
(as a function of l^,p), 
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where 

Im I x Re I 

C(l,i/>,<p) = Relcos(tp -ip) + l ± sin((p Z = — ^— - — (10.11) 

(where x in (10.11) denotes vector product). Note that k = £(l,ip,(p), <p G [0, 2ir] at fixed 
ip G [0, 27r] is a parametrization of the set Si = {k G C 3 : k 2 = I 2 , Irak = Iml}, I G E\0. 
In turn, (10.10) follows from u 2 G L°°(6), definition (10.6) and the aforementioned fact 
concerning the parametrization of Si. Thus, properties (10.10), (10.9), (10.3) are proved. 
This completes the proof of (10.1). 

Let us prove now (5.8). 

We have that 

{Ui, U 2 } = {U u U 2 }i + {U u U 2 } 2 , (10.12) 



where 



{U u £/ 2 }i(A,p) = - ^'g^i ^ {^i, U 2 } 3 (X,p), (10.13a) 



{U 1 ,U 2 } 3 (\,p) = I (cos^-l)x 

J — 7T 

Ui(k(\,p), -f (A,p, ip))U 2 (k(X,p) + £(A,p, </?),p + £(A,p, <p))d(p, 



(10.136) 



{U u U2h = ~{Ui, U 2 } 4 (X,p), (10.14a) 



4A 
sinv?x 

-7T 

E/i(fc(A, p), -f (A, p, (p))U 2 (k(X, p) + f (A, p,tp),p + £(A, p, </?))aV, 



(10.146) 



A G C\0, p G IR 3 \£„. 

Formulas (5.2), (5.3) imply that 

|£| 2 = |i2efc| 2 ((oosy7 — l) 2 + (sinv?) 2 ) = 4|i?e /c| 2 (sin (v?/2)) 2 , (10.15) 

where £ = f(A,p,<p), fc = fc(A,p). 

The relation p 2 = 2k(\,p)p, A G C\0, p G R 3 \£„, implies that 

p = — Re k(X,p)(cosi(j — 1) — k (A,p) sin^ (10.16) 

for some ?/> = ip(\,p) G [— 7r,7r], where fc- L (A,p) is defined by (5.3). Formulas (5.2), (5.3), 
(10.16) imply that 

|p + £| 2 = | .Re /c| 2 ((cos </? — cos ip) 2 + (sincp — sin-0) 2 ) = A\Re /c| 2 (sin — - — ) , 

~ (10.17) 

|p| 2 = 4| J Re£f(sin^) 2 , 
where f = £(A,p,</?), fc = k(X,p), = ^(A,p). 
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Using the assumptions of Lemma 5.2 and formulas (10.13b), (10.14b), (10.15), (10.17) 
we obtain that 

|{^i,^2}3(A,p)|<i4(r,V,/x,A*)|||^i|IUII^||U , . 

\{U u U 2 H\,p)\ < B(r,V,/*,/i)|||^i||UI|^2||U 



for r = \Re k(X,p)\, V = ^{\p) (of (10.16)) and almost all (A,p) G (C\0) x (R 3 \£„), 
where 

(1 — cos cp)d(p 
r 1 1 + 2/-|sin(^/2)|)«(l + 2r|sin(^)|) 1 
sin ip | dip 

(1 + 2r| sin(^/2)|)«(l + 2r| sin(^)l)/ 3 



A(r,^a,P)= I - - ■ : / v ^,^ / /; J, . ^z^ , (10.19a) 

- 2 - 

s(r. *,«./»=/ „,„,., ,jr.rr„ , . («>-i»> 



for r > 0, ^ G [— 7r, 7r], a > 2, /3 > 2. In addition, in (10.18) we used also that, in view of 
Lemma 4.1, properties (10.2), (10.3) and definitions (10.13), (10.14), the variations of U\, 
U2 on the sets of zero measure in O imply variations of {Ui, ^2)3 and {Ui, ^2)4 on sets of 
zero measure, only, in (C\0) x (M 3 \£ ;y ). 

Further, we use the following lemma of [No5] . 

Lemma 10.1 ([No5]). Let r > 0, -0 G [-7r,7r], p = 2r\ sin(-0/2) |, a > 2, f3 > 2. Then 

4 

A(r, a,[3)<J2 A j(r, V>, «, P), (10-20) 

A&^a,® < min (|1 (10-21) 

A 2 (r,^a,/?)<g (i + ^ /2)Q+1 , (10.22) 

A 3 (^, a ^)<^ (l + p)Q | i + p/2) , (10.23) 

A4(r ' ^ ^ (tt^ + (TT^ } (irW' (1 °- 24) 

4 

B(r, V, «,/?)< ^ (r, V, a, /?), (10.25) 
i=i 

B 1 (r,i.. a ,/3)<min(|l.^g) (1+ | )/2)g , (10.26) 

B 2 (r,i.. tt ,/3)<^ (1 + ^ /2)a+1 , (10.27) 

B3(^, a ./?)<^ (1+p) „| 1+p/2) , (10.28) 

B4 (r,*,a,«<( T l 7 + ^^)^ T i^ ? . (10.29) 
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Lemma 10.2. Let 

r = r(\,p) = ^(\\\ + ±), |sin(^/2)| = |-, (10.30) 

where A G C\0, p > 0, ij> G [-7T, 7r]. T/ien: 

'l^" 1 !^. ^ -, (10.31) 

>/6(|A| 2 + 1) 2 (1 + p/2)^ 

M - (fTWT^' (10 - 32) 





|A| 2 


Pl 


|A| 2 -1| 




|A| 2 


Pl 


|A| 2 -1| 




|A| 2 


Pl 


|A| 2 -1| 


|A| 2 



4 2-4 4 |A| 

As - (pfTWT^' (10 - 33) 

A < 47T P ||A| 2 -1| 

4 " |AP(l + (p/4)(|A| + |A|-i))2(l + p/2)/" 1 ^ J 

R Sl " (|A| 2 + l) 2 (l + p/2)^ (1 °- 35) 

777^2 < — — — , (10.36) 

|A| 2 " (|A| 2 + l) 2 (l + p/2)«' 1 } 

p 2-4 3 |A| 

R S3 * WTW' (1 °- 37) 

R^ 4 " |A|(l + (p/4)(|A| + |A|-i))(l + p/2)^ (1 °- 38) 

where Aj = Aj(r, a, /?), Bj = Bj(r, a, j3) are the same as in Lemma 10.1, j = 
1,2,3,4, a > 2, (3> 2. 

Proof of Lemma 10.2. Using (10.30) we obtain that 

/p 3 p\ 4 3 |A| 3 (p 1\ 4 3 |A| 3 

pmin -4,4 = m „ N „ min -,- <-= U , 10.39 

1 \6r^r 3 ) (|A| 2 + 1) 3 V6 pj ~ V^dM 2 + 1) 3 

where A G C\0, p > 0. Estimates (10.31), (10.35) follow from (10.21), (10.26) and (10.39), 
(10.40). Estimates (10.32), (10.33), (10.36), (10.37) follow from (10.22), (10.23), (10.27), 
(10.28) and (10.30). Estimates (10.34), (10.38) follow from (10.24), (10.29), the inequalities 

3 2n An 
+ ~, ^— < 



l + n ( 1 + V2 r )«-(l +r )- 

5 3^8 
l + r + (1 + v^r)" ~ 1 + r' 
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where r > 0, a > 2, and from (10.30). Lemma 10.2 is proved. 

Estimate (5.8) follows from (10.12)-(10.14), (10.18), (4.8), (10.17) (for |p|) and Lem- 
mas 10.1, 10.2. Property (5.7) follows from (10.1) and (5.8). 

Lemma 5.2 is proved. 

11. Proof of Lemma 6.1 
Let 

/ (X) - I Kl dReCdlmC 

Jl(A) -/c(KI 2 + D 2 |C-A| ' (1L1) 

J2(A,P) " Jc icpa+Pdci + ici- 1 )) 2 ic-ai ' (1L2) 

j ( \ \ f P dRe(dIm( 

MX ' p) -JcmTMK\TWW) lc-A| • <n ' 3) 

where A G C, p > 0. 

Lemma 11.1. The following estimates hold: 

Ji(A)<7ii, AgC, (11.4) 
</ 2 (A,p) < n 2 , AGC, p>0, (11.5) 
J 3 (A,p)<n 3 , AgC, p>0, (11.6) 

/or some positive constants n±, n 2 , n 3 (where Ji, J 2 , J3 are defined by (11.1)-(11.3)). 

Proof of Lemma 11.1. 

Proof of (11.4). We have that 

/m<f / + / 2[C| dReCdlmC 

Jl(A) -l y + y J(ici 2 +D(ici+i) 2 ic-ai * 

ICI<IC-A| |CI>K-A| 
2dRe(dIm( f 2dRe(dIm( 

(ICI 2 + i)(ICI + i) 2+ J (|C-A| 2 + i)(|C-A| + i)K-A| - (1L7) 

ICI<IC-A| ICI>IC-A| 

r +oc Anrdr r +oc Anrdr 

J ( r 2 + l)(r + l)2 + J Q (r2 + l)(r + l)r 

where A G C. Estimate (11.4) is proved. 
Proof of (11.5). We have that 

h{\ p) = J 2l i(A, p) + J 2 , 2 (A, p), (11.8a) 

(|C| 2 + l)pd J ReCa'imC 



■fc,i(A,p) = | 



icpa+Pdci + ici-wc-Ai 

Kl<i 

p(|C| 2 + l)a' J ReCa'/mC 



(11.86) 



(ICI + P(ICI 2 + 1)) 2 IC-A| 

ICKi 
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ICI>1 

where A G C, p > 0. In addition, 



i <\ n \- f (\C\ 2 + i)pdReCdi ml ; 

J2 ' 2(A ' P) - J |CP(i + P(ICI + IC|-')) 2 IC-A|' (11 ' 8c) 



. . . . 2pdRe(dIm( 

j2 ' l(A ' p)£| ' : ' ' (ICI + rt'lC-AI ^ 



ICI<i ICI<i 

ICI<IC-A| ICI>IC-A| 



2pdReCdIm( f 2pdReCdIm( 

(ICI + p) 2 ICI + J (|C-A| + p) 2 K-A| - (1L9a) 

ICKi ICKi 
f ApdReCdlmC f 00 ^pdr 

J W+pW\ ~ Jo V+W ~ 7r ' 

C 



J 2)2 (A,p)< / + 



Kl>i Kl>i 

CI<IC-A| ICI>IC-A| 



/" \ 2pdRe(dIm( 
J J(i + pICI) 2 IC-A| " 



2pdRe(dIm( _ f 2pdRe(dIm( 

(l + p|CI) 2 ICI + J (i + p|C-A|) 2 K-A| - (1L96) 

ICI>1 ICI>1 



4pdRe(dIm( f°° 8npdr 

{l + prf 



f ApdReQdlmQ f 

J (l + PlCI) 2 KI ~ Jo 
C 



= 8tt, 



where A G C, p > 0. Estimate (11.5) follows from (11.8), (11.9). 
Proof of (11.6). We have that 

ICI<IC-A| KI>IC-A| 
2pdReQdImC f°° Anpdr 



(IC|+P(KI 2 + 1))|C| Jo r + p(r> + l) 
C (11.10) 

1 Anpdr ^ f°° Aupdr 



f 

Jo 



r + p J 1 r(l + pr) 

^ = 87 rpln(l±^), 
r + p p 



where A G C, p > 0. Estimate (11.6) follows from (11.10). 
Lemma 11.1 is proved. 

Using formulas (6.13c), (6.8), Lemmas 4.1, 5.2, 11.1 and smoothing properties of the 
convolution with l/( on the complex plane C we obtain properties (6.14) for I(Ui, U2) and 
estimate (6.15a). Properties and estimates (6.14), (6.15b), (6.15c) for N(U) and M(U) 
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follow from property (6.14) and estimate (6.15a) for /(Z7"i, L^) • Estimate (6.16a) follows 
from the formula 

W(*7i) - N(U 2 ) = I(U! - U 2 , Ut) + I(U 2 , Ui - U 2 ) (11.11) 

and from estimate (6.15a). Estimate (6.16b) follows from (6.13a), (6.14a) and (6.16a). 
Lemma 6.1 is proved. 

12. Proof of Lemmas 6.2 and 6.3 

Proof of Lemma 6.2. Suppose that 

U,V eL~((C\0) x (R 3 \A>)), \\\U\\\»<r, |||^||U<r. (12.1) 
Then using Lemma 6.1 and the assumptions of Lemma 6.2 we obtain that 

Jlf, o (^6L»((C\0)x(R s \a 



\\\M Uo (U)\\\» < IH^ollU + \\\M(U)\\\» < r/2 + 2cMr 2 < r, (12.2) 

\\\M Uo (U) - M Uo (V)\\\^ < a\\\U- y||| M , a = 4c 6 (p)r < 1, (12.3) 

where 

M Uo (U) = U + M(U). (12.4) 

Due to (12.1)-(12.4), M Uo is a contraction map of the ball U e L£°((C\0) x (M 3 \£ I/ )), 
1 1 1^1 1 U — r - Usi n g now the lemma about contraction maps we obtain that (6.17) is uniquely 
solvable for U of the aforementioned ball by the method of successive approximations. In 
addition, using the formulas 

oo 

\\\U - (M Uo rm\\, < E HI W +1 (0) - (Muo) j (0)\\\», (12-5) 

j—n 

\\\(M u ^+\0)-(M u y(0)\\\ II {1 < ) 
4cMr\\\(M Uo y(0) - (M^y-'mW^ j = 1,2,3,..., 

|||(M [7o y+ 1 (0)-(M [/o y(0)||| M (1 < 6a) 

(4 C6 (^)ry|||M c/o (0)-(M [/o )°(0)||| M (1 = 4) 
{AcMrY 1 1 1 U 1 1 | M < (4 C6 (^)r)^r/2, j = 1, 2, 3, . . . , 

where t/ is the solution of (6.17) in the aforementioned ball and (M Uo )°(0) 
(6-18). 

Lemma 6.2 is proved. 



(12.6a) 

(12.66) 
= 0, we obtain 
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Proof of Lemma 6. 3. We have that 

U -U = U -U + M(U)-M(U), (12.7) 

M(U)(X,p) - M(U)(X,p) ^HP- 11 ) Luo(U _ fj), (12.8) 

where 

L U(J W = I(W, U)(X,p) + I(U, W)(X,p) + I(W, U)(X (p),p) + I(U, W)(X (p),p), (12.9) 

where I(Ui, U2) is defined by (6.13c), W is a test function on (C\0) x (M 3 \£^). In view 
of (12.8), (12.9) we can consider (12.7) as a linear integral equation for "unknown" U — U 
with given Uq — Uq, U, U. Using (12.9), (6.14), (6.15a), and the properties IH^IH^ < r, 
1 1 I \n < r, we obtain that 



L^ei;((C\0)x(EV,)), 
\\\L ufi W\\\^<4c 6 (f,)r\\\W\\\^ for W e L™((C\0) x 



( 12 -10) 



Using (12.8)-(12.10) and solving (12.7) with respect to U — U by the method of successive 
approximations, we obtain (6.19). 
Lemma 6.3 is proved. 
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